On the difference of n-positivity and complete positivity in C∗-algebras  by Tomiyama, Jun
JOURNAL OF FUNCTIONAL ANALYSIS 49, 1-9 (1982) 
On the Difference of n-Positivity and 
Complete Positivity in C*-Algebras 
JUN TOMIYAMA 
Faculty of Science, Niigata University, Niigata, 950-21 Japan 
Communicated by A. Cannes 
Received October 26, 1981 
For two C*-algebras A and B, we prove that every n-positive map of A to B is 
I? + l-positive (afterwards completely positive) if and only if either A or B has only 
irreducible representations with dimensions less than n. Similar characterizations 
are also shown to be valid when both algebras A and B are replaced by the duals of 
C*-algebras or the preduals of van Neumann algebras, together with other 
applications. 
A recent development of the theory of operator algebras has been to 
recognize that the complete positivity is the natural concept for linear maps 
in order to understand the infinite structure of multiplicity of the order of 
C*-algebras. There is, however, some lack of understanding about the link of 
the structure of finite multiplicity with the complete positivity, although the 
system could well be understood as the matrix system (121). Previous results 
in this direction are the theorems by Stinespring [8] and Choi [ 11, which 
both state that for those linear maps between C*-algebras one-positivity 
(positivity) coincides with two-positivity if and only if either of those C*- 
algebras is commutative. On the other hand, in the case of matrix algebras 
Choi [l] has shown the difference between n-positivity and n + 1-positivity. 
The purpose of this paper is to investigate this lack of links. Specifically, 
we shall give the complete answer to the questions raised in Choi [ 11, 
describing the C*-algebras for which n-positivity coincides with n + l- 
positivity. The concept of complete positivity, however, has been recently 
generalized in literature for various kinds of maps not necessarily defined 
between C*-algebras ([3,6, 7, etc.]) and in a joint paper [9] with Takasaki 
the author has shown that theorems of the Stinespring-Choi types are also 
valid for these extended categories of completely positive maps. Thus, we 
shall prove our main theorem (Theorem 1.2) in this general context. Namely, 
in the case of those concerned spaces being C* - algebras, their duals or the 
preduals of von Neumann algebras, n-positivity of linear maps between them 
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coincides with n + 1-positivity if and only if either of their associated 
operator algebras has only irreducible representations z’s with dim z < n. 
Furthermore in this case every n-positive map is necessarily completely 
positive. 
1. MAIN RESULTS 
Let E and F be C*-algebras, their duals or the preduals of von Neumann 
algebras. We do not assume units for C*-algebras. The n x n matrix spaces 
over them naturally inherit the corresponding orders as C*-algebras or as 
subspaces of their duals, A linear map r of E to F is said to be n-positive if 
the multiplicity map r, from the matrix space M,,(E) over E to the space 
M,(F) over F defined by tn([&]) = [t(&)] is a positive map. If r is n- 
positive for every n we call r completely positive. For such a space E 
(E = A, A * or M,) we call the C*-algebra A or the von Neumann algebra M 
the associated C*-algebra with E and denote it by A,. We denote the n x n 
matrix algebra over the complex numbers simply by M,. Throughout this 
paper, we identify M, with its dual space M,* by the map, I; M, + M,* 
defined by the duality 
(laijlY z[Pijl) = f aijPij. 
i,j= I 
We notice that as this map is a complete order isomorphism ([2; p. 1761) 
between M, and M,* we may freely use this identification in our arguments 
for complete positivity and n-positivity. 
We refer for standard results of operator algebras to the book by Takesaki 
[ill. 
The following is a key lemma in our discussions. 
LEMMA 1.1. Let E be a C*-algebra, the dual of a C*-algebra or the 
predual of a van Neumann algebra such that the C*-algebra A, has an 
irreducible representation z with dim n > n. Then there exist completely 
positive maps o of E to M,,+ , and p of M, + 1 to E such that the composed 
map o 0 p is the identity map in M, + , . 
Proof: We split the proof into each case. 
(1) The case E = A, a C*-algebra. Let the irreducible representation 7~ 
be acting on a Hilbert space H. Let p be a projection on a n + l-dimensional 
subspace of H. We have then by Kadison’s transitivity theorem [ 11: 
Theorem 4.181 that n(A)p =B(H)p. Let {e,} be the matrix units in the 
algebra pB(H)p =B(pH) identified with the matrix algebra M,+,. We 
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choose elements (a,]i = 1,2,..., n + 1) in A such that x(ai)p = e,i, then we 
have that 
eij=e5e,j=pn(a,*aj)p for every i,j. 
Define the maps u and p from A to M,+ r and from M,+ I to A by 
ntl 
o(a) =P+)PY p([CZij]) = 1 Clija~aj. 
i,j= 1 
Then by definition o is completely positive, and by [ 2; Lemma 2.11 p is also 





u ’ p([afj])=pZ S CiijU,*CZj p = 1 aijeij = [aij]. 
i,jz 1 i.j- 1 
(2) The case E = A* for a C*-algebra A. In this case, transposed maps 
of (T and p, ‘0, ‘p are required maps with the identification between M,, , and 
M,*,, mentioned above, In fact, both maps ‘(T and ‘p are completely positive 
and we have, 
‘p o ‘cr = ‘(a o p) = identity. 
(3) The case E = M, for a von Neumann algebra M acting on a space 
H. By the assumption, there exists a family of orthogonal equivalent 
projections (ei]i = 1, 2,..., n + 1 } in M. Let ui be a partial isometry such that 
u,? ui = e, and uiuT = ei. Let r, be a unit vector in e, H and put ci = ui<, . 
We define the maps u’ of M to M,, + , and p’ of M,, , to M by 
o'(a) = [ (atj, Cl] and p’([aij])= x aijuiuT. 
i,j- 1 
By [2; Lemma 2.11, p’ is completely positive. On the other hand, it is an 
elementary exercise to see that u’ is a u-weakly continuous completely 
positive map. Now define the maps u and p of M, to M, + I and of M, + 1 to 
M, by 
Since 
u= ‘p’lM, and p = w. 
u’ 0 p’([a,,]) = u’ 
= s aklekl= [OLklly 
k.l= I 
we see that u 0 p = identity. This completes all proofs. 
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THEOREM 1.2. Let E and F be C*-algebras, the duals of C*-algebras or 
the preduals of von Neumann algebras, then the following assertions are 
equivalent: 
(1) Every n-positive linear map of E to F is n $ 1 -positive. 
(2) Every n-positive linear map of E to F is completely positive. 
(3) Either of those associated C*-algebras A, or A, has only 
irreducible representations with dim n < n. 
As we have stated in the introduction the above theorem settles the case 
where n-positivity coincides with n + 1-positivity. It is also to be noticed that 
in case of C*-algebras, even in the case where every irreducible represen- 
tation has a fixed dimension n(n-homogeneous C*-algebra), the structure of 
that C*-algebra is not as simple as a matrix algebra over a commutative C*- 
algebra (cf. [4, 121). However, as we shall see in the proof, the enveloping 
von Neumann algebra of such a C*-algebra is finite of type Z with bounded 
degree so that the C*-algebra is regarded as a C*-subalgebra of some matrix 
algebra over a commutative von Neumann algebra. We must also note that 
all of this type of C*-algebras satisfy the condition of the theorem. 
Proof of the theorem. (3) 3 (2). W e note first that the enveloping von 
Neumann algebra 2 of a C*-algebra A subject to the condition for 
irreducible representation also satisfies the same condition because elements 
of the algebra A satisfy a so-called polynomial identity of degree n 
(15; P. 2371) an d as the u-weak closure, the elements of A” also satisfy this 
identity. Now since a positive linear map between any pair of the spaces 
mentioned in the theorem is norm continuous ([9; Proposition 1.11) and we 
can consider its transposed map, it is sufftcient to prove the assertions only 
in the following cases, {A,B}, {A, B*} and {A*, B}. Let t be a n-positive 
map of A to B and suppose that A has only irreducible representations with 
dim rc < n. Then the enveloping von Neumann algebra 2 is of finite type Z 
with bounded degree less than n and the double transpose 5’ of r is a n- 
positive map of A” to B”. By the structure theorem of von Neumann algebras 
of type Z we may write that 
/i = c Mk(Ak) (i.e., xzk = M,(A,), direct summand), 
k=l 
where (Ak} are commutative von Neumann algebras (some of them may be 
zero). Hence we see by [ 1; Theorem 81 the restriction map Fk = flM,(A,) is 
completely positive for every k. It follows that the map t’ is completely 
positive and so is the map r. Similar arguments using another of Choi’s 
result [ 1; Theorem 71 show that r is also completely positive when B satisfies 
the condition. Next if M is a von Neumann algebra of type Z with the 
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structure M = C;= i Mk(Bk), then the dual of M, M*, is the Ii-direct sum of 
the duals (M@,J) * = M,@$) s and the projection map from M* to each 
subspace Mk(Bt) is clearly completely positive. Therefore replacing Choi’s 
results used before with similar arguments of Takasaki [lo] we can conclude 
that in all cases n-positive maps of E to F are necessarily completely 
positive. 
(1) S- (3). Suppose both C*-algebras A, and A, have irreducible 
representations whose dimensions are greater than n. By Lemma 1.1 there 
exist in every case of combinations completely positive maps u of E to M,, , 
and p of M,+r to F such that every positive element in the algebra 
M,(M,+ i) is an image of a positive element of M,(E) by the multiplicity 
map 0, and the image ~,([a~~]) is positive if and only if the matrix [aij] is 
positive. Let 0 be the map in M, + i defined in Choi [ 11, which is n-positive 
but not n + l-positive. Then by the properties of u and p one may easily 
verify that the composed map p o 13 o u is a n-positive map from E to F but 
not n + l-positive, a contradiction. 
Now as the implication (2) * (1) is trivial, all proofs are completed. 
2. APPLICATIONS TO TENSOR PRODUCTS 
In this section we shall apply the preceding result to study the order 
structure of tensor products of operator algebras and their duals, generalizing 
the corresponding results in [9]. Let A and B be C*-algebras. We call a 
functional @ on the C*-tensor product A @&, B a positive functional of 
order n if @ is expressed as @ = Cy,i=, ~ij @ Wij, where [4o,j] and [Wij] are 
positive functionals on M,(A) and M,(B), respectively. Clearly such 
functionals are positive and a positive functional of order one is simply a 
product positive functional, We also call an element x in A amin B a positive 
element of order n if it is expressed as x = Cyti=, uij @ b,, where [Uij] and 
[b,] are positive elements in M,,(A) and M,(B), respectively. For von 
Neumann algebras M and N, we define similarly a normal positive 
functional @ of order n on the von Neumann tensor product A4 0 N as 
@=Cy,j=I PijO v/ii, where [Vij] EM,(M*)+ and [Wij] EM,(N*)+. 
THEOREM 2.1. Let A and B be C*-algebras. Then the following 
assertions are equivalent: 
(1) Either A or B has only irreducible representations with dim 7c < n. 
(2) The order of A Omin B is determined by the family of positive 
functionals of order n on A Omin B. 
(3) The order of the dual space (A Omin B)* is determined by the 
family of positive elements of order n in A &,, B. 
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Proof The equivalence of assertions (1) and (2). Let R,(x) be a right 
slice map in A @,i, B induced by the functional rp E A *, which is defined by 
(R,(x), ~0) = (x, q 0 w). An element x of A @,i, B defines a bounded linear 
map from A * to B by r(x)(p) = .( ). y R x B Effros’ theorem [7; Theorem 21 x 
is positive if and only if T(X) is a completely positive map. Now suppose that 
either A or B satisfies the condition for irreducible representations and let x 
be the element such that (x, Cy,j=, qij @ w,) > 0 for every positive 
functional of order n. As we have the equality, 
( , X, +, VijO Vij)= (r(x>n(lPijl>~ IWijl), 
the condition means that the map r(x) is n-positive. Hence by Theorem 1.2, 
r(x) is completely positive. 
Conversely suppose that the order of A &, B is determined by the family 
of positive functionals of order n and suppose further that both A and B have 
irreducible representations whose dimensions are greater than n. By Lemma 
1.1 there exist completely positive maps pi and pz of M,, , into A and B, 
respectively. Let 0 be the map used in the proof of Theorem 1.2. Then 8 
defines an element b of the algebra M,, , @ M,, , by the relation 
(b, Laijl 0 [Pijl) = (@([aijI), (PijI). 
Let pi @ pz be the completely positive product map of M, + , @ M,, , to 
A Brnin B. We assert that the element a =pi @p,(b) provides a 
contradiction. In fact, by the properties of pi and pz described in Lemma 1.1 
the element a is not positive, whereas for every positive functional of order n, 
CF,j= i pij @ wij, we have that 
(a, & qijO Vij)= (b, it1 ‘pl(Vij)@ ‘p2(vu)) 
= 2 (e ’ ‘Pl(Vij)T ‘P2CWij)) 
i.j= I 
Equivalence of (1) and (3). Let er be a bounded functional on A &, B. 
We define a map T, from A to B* by (b, T,(a)) = (a @ b, p). It is known 
([6; Lemma 3.11) that T, is completely positive if and only if a, is a positive 
functional. Now suppose that either A or B satisfies the condition and that 
9 aij@bij,y, 20 
i.j= 1 
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for every positive element of order n, Cy,j= 1 aij 0 bij. Then we have that 
Hence T, is n-positive. It follows by Theorem 1.2 that the map T, is 
completely positive and rp is a positive functional. 
Conversely suppose that neither the algebra A nor B satisfies the condition 
for irreducible representations. Then by Lemma 1.1 there exist completely 
positive maps pi and p2 from M,,+, into A * and B*, respectively. Let 0 be 
the same map as before and let b be the element of M, + I @ M, + , defined by 
6. We consider the product map p, @ p2 of M,, , @ M,, 1 to A * 0 B* and 
write (o = p1 @p,(b). The functional cp is then not positive on A o,i” B. In 
fact, by Lemma 1.1 there exist completely positive maps u, and o2 of M,, , 
into A and B associated to p, and p2 such that ‘ai 0 pi = identity (i = 1, 2), 
whence 
On the other hand, for every positive element Cy,j=, aij @ 6, of order n, we 
have that 
This completes the proof. 
It is perhaps worth noting that the equivalence of assertions (1) and (2) in 
the case n = 1 is simply a part of Takesaki’s theorem ([ 11; Theorem 4.14]), 
thus regarding his result as one of problems about completely positive maps. 
The following is the corresponding version of the theorem for von 
Neumann algebras. 
THEOREM 2.2. Let M and N be von Neumann algebras and let A4 0 N 
be the von Neumann tensor product of A4 and N. The following assertions 
are equivalent: 
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(1) Either M or N is finite of type I with bounded degree less than n. 
(2) The order of M 0 N is determined by the family of normal positive 
functionals of order n. 
(3) The order of the predual (M 0 N), is determined by the family of 
positive elements of order n in MO N. 
Proof. The implication (1) + (2) ’ p 1s roved similarly as in the proof of 
Theorem 2.1, once we use for an element x E MO N the map 
r(x): a, E M, -+ R,(x) E N defined by the u-weakly continuous right slice 
map R,(x) and notice the equivalency between the positivity of the element x
and the complete positivity of the map r(x). The converse (2) =S (1) may also 
be proved similarly as before using Lemma 1.1. We note, however, that here 
assertion (2) implies in particular the determination of the order of the 
algebra M Omin N. Hence, by the above theorem, we have assertion (1). 
Next, one may easily see implication (1) =S (3) from implication (1) * (3) in 
Theorem 2.1 and the fact that the space (MO N), may be considered as a 
subspace of the dual (M@,i, N)*. Conversely suppose that the order of 
(MO N), is determined by that specified family and suppose further that 
neither M nor N satisfies the condition. Then, by a similar argument as in 
the proof of implication (3) 3 (1) of Theorem 2.1 using the completely 
positive maps p, and pz from M,, , into M, and N* in Lemma 1.1, respec- 
tively, we haveSa contradiction. 
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